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Abstract
We study the nucleon and pion structure functions at small Bjorken-x region in the framework
of holographic QCD with a special emphasis on the roles of AdS space wave functions. Using
the BPST kernel for the Pomeron exchange and calculating its coupling to target hadrons in the
AdS space, we obtain F2 structure functions at the small-x. Results for the proton F
p
2 as well
as the pion F pi2 are consistent with experimental data of the deep inelastic scattering and the
forward electroproduction of a neutron. Observed Q2 dependence of the Pomeron intercept is well
reproduced from soft non-perturbatibve (Q2 ∼ 0) to hard perturbative (Q2 ≫ 1GeV2) region. We
find the interplay between soft and hard Pomerons is closely related with behavior of AdS wave
functions of hadrons and the virtual photon.
PACS numbers: 11.25.Tq, 13.60.Hb, 12.40.Nn
Keywords: gauge/gravity correspondence, Pomeron, deep inelastic scattering
∗ j1210709@ed.tus.ac.jp
† katsu s@rs.kagu.tus.ac.jp
1
I. INTRODUCTION
The structure functions of hadrons F2(x,Q
2) at the small Bjorken-x region provide unique
opportunities to access the gluon dynamics of QCD. At x ≤ 10−2, the structure function is
dominated by the gluon contribution, which may be identified with the Pomeron in QCD [1].
Within the Regge theory, the elastic (or diffractive) forward scattering amplitude is described
by the exchange of the vacuum quantum number, which is so called Pomeron. Assuming
the Pomeron exchange with α0 and α
′ being constants, one can write a two-body scattering
amplitude as
A(s, t) ∼ sα0+α′t , (1)
where the energy
√
s and the momentum transfer t satisfy the Regge kinematics s ≫ t.
Thus, the total cross section is expressed by
σ(s) ∼ sα0−1 , (2)
which indicates the cross section of the high energy scattering depends on a single parameter
α0, Pomeron intercept.
Phenomenologically, hadron-hadron collision as well as photon-hadron scattering at high
energies are described very well by the ‘soft’ Pomeron intercept α0 ∼ 1.1 [2]. However,
some hard scale Q enters into the process, situation becomes different. For example, in the
deep inelastic scattering (DIS) off the nucleon with the photon virtuality Q2, the Pomeron
exchange model leads to a form of the structure function F2 as
F2(x,Q
2) ∼ x1−α0 , (3)
which is valid for the small Bjorken-x, x = Q2/s≪ 1. In this hard process, the experimental
data [3] is consistent with the ‘hard’ intercept α0 ∼ 1.4 for Q2 ≫ 1GeV2 in contrast to the
soft Pomeron value α0 ∼ 1.1. This large value of the intercept is rather consistent with
the BFKL Pomeron, which is the Reggeized two gluon exchange calculated by perturbative
QCD [4]. Hence, it is reasonable to conclude that the Pomeron intercept depends on the
scale of the scattering process, α0(Q), where the scale Q means, e.g. photon virtuality, quark
mass, or momentum transfer. Indeed, similar scale dependence is observed in the diffractive
photoproduction of light and heavy vector mesons [5].
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Although we have a clear signal of the transition between ‘soft’ and ‘hard’ Pomerons,
we cannot calculate such a scale dependence theoretically, because it is extremely hard to
obtain the soft Pomeron as a solution of the non-perturbative QCD. Recently, the holo-
graphic description of QCD has gathered theoretical interests as a tool to calculate the
non-perturbative quantities in QCD. Using the AdS/CFT correspondence (or gauge/gravity
in general), one may relates the strong coupling gauge theory at the boundary with the clas-
sical theory of the gravitation in the bulk AdS space in the large ’t Hooft coupling limit [6–8].
According to the AdS/CFT dictionary, the holographic description of QCD may be achieved
by the top down approach which originates from the string theory in the higher dimensional
space [9], or more phenomenological bottom up approach [10, 11]. The holographic models
are applied to phenomenological studies successfully [9, 12–14].
The first study of the Pomeron with the gauge/gravity correspondence was done in
Ref. [15]. Later, much elaborated studies have been done in Refs. [16–18]. In those studies,
the Brower-Polchinski-Strassler-Tan (BPST) kernel which represents the Pomeron exchange
in the AdS space is introduced based on the string theory to describe Q2 dependence of
the Pomeron intercept. In Ref. [18], the authors calculated the nucleon structure function
at the small-x with the ‘super local approximation’, in which overlap functions (probability
distributions in the AdS space) of the photon and the nucleon are simply replaced with delta
functions. The results are in good agreement with the data, although the validity of this
approximation seems to be unclear.
In this paper, we shall calculate the nucleon structure function at the small-x based on
the BPST Pomeron kernel without resorting the ‘super local approximation’. To do so we
use the AdS wave functions of hadrons calculated from holographic QCD, and obtain their
coupling to the Pomeron in the AdS space. Methods to deal with the nucleon properties
have been already developed and can be applied to the Pomeron exchange. We demonstrate
a ’consistent’ holographic description of the structure function, by calculating the Pomeron
kernel, wave functions of scattering particles, and the Pomeron-hadron-hadron three point
function, gives excellent results for the small-x structure function without any artificial
assumptions.
In addition, we calculate the pion structure function at the small-x in the same way. We
find F pi2 (x) at the small-x is suppressed compared with the nucleon case. In spite of the lack
of the DIS data for the pion, one can extract (model dependent) information on the pion
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structure function from the forward electro-production of a neutron e+p→ e′+n+X with
a large rapidity gap [19]. Our calculations are in good agreement with the existing data.
This paper is organized as follows. In Sec. II, we introduce the BPST kernel and discuss
its properties with the delta function approximation for the overlap functions. We show why
behavior of the AdS wave functions is important to reproduce the scale dependence of the
effective Pomeron intercept. Sec. III is devoted to the short review of calculating the wave
functions of hadrons and their couplings with the Pomeron in the holographic QCD. We
show numerical results for the proton structure function in Sec. IV. In Sec. V, we calculate
the pion structure function and compare it with the existing parameterizations and the data
of the forward neutron production at HERA. Final section is devoted to the summary and
discussions.
II. BPST KERNEL FOR POMERON EXCHANGE IN ADS SPACE
We first introduce the kernel in the AdS space for the Pomeron exchange, and discuss its
properties in some detail. We assume the two-body scattering amplitude A for a process
1 + 2→ 3 + 4 at the high energy is given by [15–17]
A(s, t) = 2is
∫
d2b eik⊥·b
∫
dzdz′P13(z)P24(z
′){1− eiχ(s,b,z,z′)} , (4)
where s is the invariant mass square s = (p1 + p2)
2, and t the momentum transfer t =
(p1 − p2)2. This expression is valid for the near-forward scattering with a condition s ≫ t,
and is dominated by the Pomeron exchange. The impact parameter b is the transverse vector
perpendicular to the forward direction. The BPST Pomeron exchange kernel is expressed
as the eikonal form 1 − eiχ(s,b,z,z′). P13(z) and P24(z′) are overlap functions of incoming
and outgoing particles with their 5D-coordinates z and z′. Physically, the overlap functions
stand for the density distribution functions of participants in the AdS space, as we will see
later.
We concentrate on the deep inelastic scattering in this work. Thus, it is enough to consider
the virtual photon γ∗ (1 = 3 = γ∗) with the virtuality Q2 and the nucleon (2 = 4 = N)
in the forward limit t = 0. Using the optical theorem and keeping the leading contribution
in the eikonal approximation for the kernel, we write the structure function at the small
4
x = Q2/s as
F2(x,Q
2) =
Q2
2π2
∫
d2b
∫
dzdz′P13(z, Q
2)P24(z
′) Imχ(s, b, z, z′) , (5)
where the imaginary part of the BPST kernel is given by
Imχ(s, b, z, z′) =
g20
16π
√
ρ
π
e(1−ρ)τ
ξ
sinh ξ
exp(−ξ
2
ρτ
)
τ 3/2
, (6)
where
τ = log(ρzz′s/2) , (7)
ξ = sinh−1
(
b2 + (z − z′)2
2zz′
)
. (8)
Here, g20 and ρ are the parameters of the model, which are specified later. Carrying out the
integration over b analytically, one finds
∫
d2b Imχ(s, b, z, z′) =
g20
16
√
ρ3
π
(zz′) e(1−ρ)τ
exp(−(log z−log z
′)2
ρτ
)
τ 1/2
. (9)
Hence, one can write down an expression for F2(x,Q
2) as
F2(x,Q
2) =
g20ρ
3/2
32π5/2
∫
dzdz′P13(z, Q
2)P24(z
′) (zz′Q2)e(1−ρ)τ
exp(−(log z−log z
′)2
ρτ
)
τ 1/2
. (10)
The expression (10) is obtained within the conformal field theory. However, we need
some energy (or length) scale which breaks the conformal invariance to reproduce realistic
QCD in the 4-dimension. One of the simplest choices to break the conformal symmetry
is to introduce the sharp cutoff for the AdS coordinate z. The ‘hard-wall’ model with a
sharp cutoff z0 provides with a confinement and a mass gap of the hadron spectrum for
the holographic QCD. This model has been applied successfully to calculations of various
observables of QCD [12].
Inclusion of the hard-wall in the BPST kernel is already considered [18], by the following
simple substitution of the Pomeron exchange kernel, χc → χhw,
Im[χc(s, z, z
′)] ≡ e(1−ρ)τ e− log
2 z/z′
ρτ /τ 1/2 , (11)
Im[χhw] ≡ Im[χc] + F(z, z′, τ) Im[χc(s, z, z0z′0/z′)] , (12)
F(z, z′, τ) = 1− 2√ρπτeη2erfc(η),
η =
(
− log zz
′
(z0z
′
0)
+ ρτ
)
/
√
ρτ ,
5
FIG. 1. Comparison of BPST kernel. The solid and dashed curves indicate the hard-wall and
conformal kernels, respectively. Here, we use ρ = 0.77.
where z0 is the hard-wall parameter. With this substitution, F2 now has a form
F2(x,Q
2) =
g20ρ
3/2
32π5/2
∫
dzdz′P13(z, Q
2)P24(z
′)(zz′Q2) Im[χhw] . (13)
To study qualitative difference between the conformal (11) and hard-wall kernel (12), we
show in Fig. 1 Im[χc] and Im[χhw] as a function of z
′ with the z = 0.2GeV−1 (typical
value of z for the virtual photon overlap function P13). While both Pomeron kernels show
the same behavior around small z′, the hard-wall model deviates from the conformal one
for z′ ∼ 3GeV−1 ∼ 0.6fm, which may correspond to a typical size of the hadrons. Later,
we show numerical results of both hard-wall and conformal cases to discuss the role of the
hard-wall boundary.
The advantage of the use of the BPST kernel is to incorporate the correct scale dependence
of the Pomeron intercept [15–17]. As we have discussed in the Introduction, the Pomeron
intercept α0 is close to 1 for the soft hadronic interaction. When the hard scale appears in
the process like DIS, α0 increases up to about 1.4. Therefore, it is important to discuss how
the energy scale of the process changes the Pomeron intercept in this model.
In order to see such properties of the Pomeron kernel, it is convenient to adopt ‘super
local approximation’ for the overlap functions [18]. The ‘super local’ ansatz is nothing but
the delta function approximation for the distribution functions in the AdS space,
P13(z, Q
2) ≈ δ(z − 1/Q) , P24(z′) ≈ δ(z′ − 1/Q′) , (14)
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where Q and Q′ may be understood as the typical energy scales of the incident and target
particles. Thus, for DIS, Q and Q′ may be identified with the virtual photon momentum
and the mass of the target hadron, respectively.
Inserting them into (10) one obtains (here we consider only the conformal case for sim-
plicity.)
F2(x,Q
2) ∝ Q
Q′
× x
ρ−1
(− log x)1/2 × exp
(
(log Q
Q′
)2
ρ log x
)
. (15)
In Eq. (15) the Bjorken-x dependence mainly comes from a term xρ−1/(− log x)1/2, which is
independent of Q,Q′. The subtle Q,Q′ dependences arise from the last exponential factor
exp
(
log2 Q
Q′
/ρ log x
)
. Fig. 2 shows the x-dependences of Eq. (15) for several values of Q,Q′.
With Q/Q′ = 1 it shows rather weak x dependence, where the resulting Pomeron intercept
is small, α0 ∼ 1.1. If we set Q/Q′ = 20, the BPST kernel increases rapidly as x decreasing,
giving the large intercept, α0 ∼ 1.4. This striking change is due to log(Q/Q′) factor in
the exponential factor shown in Fig. 2. Hence, in order to require that the BPST kernel is
capable of describing the ‘soft’ to ‘hard’ transition of the Pomeron, Q/Q′ must be large for
the hard process, while Q/Q′ ∼ 1 for the soft process.
In the super local approximation, 1/Q, 1/Q′ are simply related with positions of the delta
function peak for P13(z) and P24(z
′). For example, if we want to acquire the large Pomeron
intercept, we need a ’gap’ between the peak positions of the overlap functions of the virtual
photon and the nucleon, namely, P13(z) must have a sharp peak at z ∼ 0, which is far
away from the distribution of P24(z
′) in the AdS space. In the next section we introduce
the AdS wave functions for the nucleon and pion, and calculate their overlap functions. We
show such a ‘gap’ in the AdS space between P13 and P24 naturally incorporated within the
holographic QCD as the scale Q2 increases.
III. HADRONIC WAVE FUNCTIONS IN ADS SPACE AND POMERON COU-
PLING
In order to calculate Eqs. (10) and (13) we need evaluate the hadronic wave functions
in the AdS space in terms of the holographic QCD. For the virtual photon, we use the
massless 5D U(1) vector field [18, 20–22], which is dual to the electromagnetic current. This
vector fields satisfy the Maxwell equation in the bulk AdS space. The overlap function of
7
FIG. 2. F2 with the delta function approximation for the wave functions. (a) Last exponential
factor in Eq. (15) as a function of x for Q/Q′ . (b) F2 for Q/Q
′ = 1, 5, 20.
the virtual photon is found to be [18]
P13(z, Q
2) =
1
z
(Qz)2
(
K20 (Qz) +K
2
1 (Qz)
)
. (16)
This function in the AdS space basically corresponds to the photon impact factor in QCD.
On the other hand, we adopt the hadronic wave functions calculated in the AdS space
with the metric,
ds2 = gMNdx
MdxN =
1
z2
(
ηµνdx
µdxν − dz2) . (17)
We consider the hard-wall model ε ≤ z ≤ z0 (ε → 0) in the following calculation where
IR boundary z0 breaks the conformal symmetry to mimic the realistic QCD. Hereafter, we
briefly review the calculations of the AdS wave functions in the holographic QCD.
For the nucleon case, we use the model of Refs. [23–26, 30] in which the nucleon is
described by a solution of the 5-dimensional Dirac equation. The classical action for the
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Dirac field is given by
SF =
∫
d5x
√
g
(
i
2
Ψ¯eNAΓ
ADNΨ− i
2
(DNΨ)
†Γ0eNAΓ
AΨ−MΨ¯Ψ
)
, (18)
where eNA = zδ
N
A and DN = ∂N +
1
8
ωNAB[Γ
A,ΓB] − iVN are introduced to maintain the
invariance of the action under the gauge transformation and generalized coordinate trans-
formation in the AdS space. The mass of the spinor isM = 3/2 by the AdS/CFT dictionary.
Ψ is obtained as a solution of the Dirac equation,
(
ieNAΓ
ADN −M
)
Ψ = 0 . (19)
To derive this equation we require a boundary condition at the hard-wall, either ΨR(z0) = 0
or ΨL(z0) = 0, where we define the right- and left-handed spinor; ΨR,L = (1/2)(1± γ5)Ψ.
Carrying out the Fourier transform in the 4-dimensional space with a momentum pµ, one
can express the Dirac field as
ΨR,L(p, z) = z
∆Ψ0R,L(p)fR,L(p, z) ,
where Ψ0R,L(p) is a plane wave solution in the 4-dimensional space which plays a role of the
source field for the spin-1/2 baryon operator, and fR,L(p, z) the bulk-to-boundary propaga-
tor. ∆ is chosen to satisfy a condition f(p, ε) = 1.
Dropping the interaction term with the gauge field, one can rewrite the Dirac equation
as, (
∂z − 2 +M −∆
z
)
fR = −pfL ,(
∂z − 2−M −∆
z
)
fL = pfR , (20)
where p =
√
p2. Imposing a condition that solutions are not singular at z = ε, we require
∆ = 2−M .
Choosing the boundary conditions fR(z0) = 0 and fL(ε) = 1, one finds normalizable
modes ψL(z) = fL(p = m
N
n , z) and ψR(z) = fR(p = m
N
n , z) from Eqs. (20) with m
N
n being
the mass of the n-th Kaluza-Klein state;
ψ
(n)
L (z) =
√
2zαJα(m
N
n z)
z0Jα(mNn z0)
, ψ
(n)
R (z) =
√
2zαJα−1(m
N
n z)
z0Jα(mNn z0)
. (21)
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Here, α = M + 1
2
and the eigenvalue mNn is determined by the boundary condition at IR
boundary, Jα−1(m
N
n z0) = 0. The hard-wall parameter z0 is fixed to reproduce the nucleon
mass as the lowest eigenstate. These solutions are subject to the normalization conditions,
∫
dz
1
z3
ψ
(n)
L ψ
(m)
L =
∫
dz
1
z3
ψ
(n)
R ψ
(m)
R = δnm . (22)
On the other hand, we adopt the pion wave function studied in Ref. [11], which will be
sketched below. This wave function is successfully applied to the calculation of dynamical
quantities of the pion, e.g. electromagnetic form factor [27, 28] or anomalous π0 → γγ
transition [29]. The effective action for the meson fields is
SM =
∫
d5x
√
g
[
Tr
{
|DX|2 + 3 |X|2 − 1
4g25
(
F 2L + F
2
R
)}]
, (23)
where the covariant derivative DMX = ∂MX− iAML X+ iXAMR is introduced with the gauge
field AML , A
M
R , and F
MN
L,R = ∂
MANL,R− ∂NAML,R − i[AML,R, ANL,R], the field strength tensor. The
bulk field X is defined by X(x, z) = X0(z) exp(2it
aπa) with the bulk scalar X0 and the pion
field πa with the isospin operator ta. The bulk scalar is given by
X0 =
1
2
Iv(z) =
1
2
I
(
mqz + σz
3
)
, (24)
where mq can be identified with the quark mass and σ the chiral condensate. Hereafter, we
take the chiral limit, mq = 0, for simplicity, and the pion is always massless.
Up to the second order of the fields, the action for the pion π and the axial-vector field
A = (AL −AR)/2 is
SA =
∫
d5x
√
g
[
v(z)2
2
gMN(∂Mπ
a − AaM)(∂Nπa − AaN)−
1
4g25
gKLgMNF aKMF
a
LN
]
. (25)
We work with the gauge fixing condition Az = 0 for the axial-vector field. The axial vector
field can be expressed as Aaµ = A
a
µ⊥
+ Aaµ‖, where A
a
µ⊥
and Aaµ‖ are the transverse and
longitudinal components. The longitudinal part Aaµ‖ = ∂µφ
a contributes to the Goldstone
mode due to the spontaneous chiral symmetry breaking.
Applying the Fourier transform with a momentum q, we decompose A⊥, φ, π fields into
sources in the 4-dimension and the bulk-to-boundary propagators A(q, z), φ(q, z), and
10
π(q, z). One obtains classical equations of motion for the pion sector as
∂z
(
1
z
∂zA(q, z)
)
+
q2
z
A(q, z)− g
2
5v
2
z3
A(q, z) = 0 , (26)
∂z
(
1
z
∂zφ(q, z)
)
+
g25v
2
z3
(π(q, z)− φ(q, z)) = 0 , (27)
− q2∂zφ(q, z) + g
2
5v
2
z2
∂zπ(q, z) = 0 . (28)
We look for solutions of Eqs. (26,27,28), which satisfy the boundary conditions, φ(0) = 0,
∂zφ(z0) = 0, and π(0) = 0 [11]. In addition, π(z) must approach −1 away from z = ε
to recover the Gell-Mann−Oakes−Renner relation [11]. On the other hand, the bulk-to-
boundary propagator of the transverse axial-vector field A(q, z) is subject to A(q, ε) = 1
and ∂zA(q, z0) = 0.
Since we consider the massless pion in the chiral limit, m2pi = q
2 = 0, we obtain π(0, z) =
−1 from Eq. (28) and the boundary condition. In this case, Eq. (27) coincides with Eq. (26),
giving a relation φ(0, z) = A(0, z)−1 = A(0, z)+π(0, z). Thus, it is convenient to introduce
the new wave function of the pion, Ψ(z) ≡ φ(z)− π(z) = A(z) [28]. We write the equation
for Ψ from Eq. (27),
z3∂z
(
1
z
∂zΨ
)
− g25v2Ψ = 0 , (29)
which leads to a solution,
Ψ (z) = zΓ
[
2
3
](
β
2
)1/3 [
I−1/3
(
βz3
)− I1/3 (βz3) I2/3 (β(zpi0 )3)
I−2/3 (β(z
pi
0 )
3)
]
, (30)
with β = 2πσ/3.
On the other hand, one can relate A(0, z) with the pion decay constant fpi, defined by
〈0|Aµ|π(q)〉 = ifpiqµ. Calculation of the axial-current correlator based on the holographic
principle yields,
f 2pi = −
1
g25
∂zA(0, z)
z
∣∣∣∣
ε
. (31)
The model parameters σ and IR hard-wall z0 can be determined to reproduce the ρ meson
mass and the pion decay constant [11]. The gauge coupling g5 is fixed by the matching
condition at the UV boundary z = ε.
In order to calculate the Pomeron coupling with the hadrons, we consider the hadron-
graviton-hadron three point function [30, 31]. To do so, we introduce the perturbation to
11
the metric ηµν → ηµν +hµν in the classical action, and extract hAA terms, which contribute
to the three point function.
First we determine behavior of hµν itself by solving the equation of motion. Introducing
the 4-momentum q for hµν after the Fourier transform, we write hµν(q, z) = h
0
µν(q)H(Q, z)
with Q =
√
−q2. By virtue of the transverse-traceless gauge, ∂µhµν = 0 and hµµ = 0, the
linearized Einstein equation for the bulk-to-boundary propagator H(Q, z) is[
∂z
(
1
z3
∂z
)
+
1
z3
q2
]
H(Q, z) = 0 . (32)
Imposing the conditions, ∂zH(Q, z0) = 0 and H(Q, ε) = 1, we obtain
H(Q, z) =
1
2
Q2z2
[
K1(Qz0)
I1(Qz0)
I2(Qz) +K2(Qz)
]
, (33)
which satisfies H(ε, z) = 1 as expected [30, 31].
As an example, we will review the pion case following the work of Ref. [31]. The three
point function of the stress tensor with the axial currents can be calculated as,
〈0|T Jaα5 (x)Tˆµν(y)J bβ5 (w)|0〉 =
−2δ3S
δAa0α (x)δh
µν0(y)δAb0β (w)
. (34)
To calculate the RHS of Eq. (34) from the classical action Eq. (25), we extract terms which
are linear in hµν and quadratic in π and A;
S
(3)
A =
∫
d5x
[
−v(z)
2hρσ
2z3
(∂ρπ
a −Aaρ)(∂σπa − Aaσ) +
1
2g25z
hρσ[−FσzFρz + ηαβFσαFρβ ]
]
.
(35)
On the other hand, the LHS of Eq. (34) in the momentum space is rewritten with the
matrix element of the stress tensor between the pion states 〈πa(p2)|Tˆ µν |πb(p1)〉, by inserting
the intermediate states (pion) and using 〈0|Aµ|π(p)〉 = ifpipµ with p21, p22 → 0 [31]. From the
symmetry consideration, the matrix element of the stress tensor between the pion states can
be parameterized by
〈πa(p2)|Tˆ µν |πb(p1)〉 = 2δabFpi(ℓ2) [(p1 + p2)µ(p1 + p2)ν + · · · ] , (36)
where ℓ = p2 − p1, and Fpi determines the magnitude of the matrix element. Here, we only
retain the dominant contribution in the small-x kinematics, p1, p2 ≫ ℓ.
Functional differentiation of Eq. (34) with Eqs. (35,36) gives
Fpi
(
ℓ2
)
=
∫ z0
ε
dzH
(
ℓ2, z
) [(∂zΨ(z))2
g25f
2
piz
+
v(z)2Ψ(z)2
f 2piz
3
]
. (37)
12
In the case of DIS, it is enough to consider the forward limit ℓ = 0, at which H(ε, z) = 1.
Hence, the overlap function P24 for the pion is identified with
P pi24(z) =
[
(∂zΨ(z))
2
g25f
2
piz
+
v(z)2Ψ(z)2
f 2piz
3
]
. (38)
We note that the overlap function Eq. (38) satisfies the normalization condition;
∫ z0
ε
dzP pi24(z)
= 1. One can checnk it by integrating by parts,∫ z0
ε
dz
[
(∂zΨ(z))
2
g25f
2
piz
+
v(z)2Ψ(z)2
f 2piz
3
]
(39)
=
[
Ψ(z)
∂zΨ(z)
g25f
2
piz
]z0
ε
−
∫ z0
ε
dz
[
Ψ(z)
g25f
2
piz
3
{
z3∂z
(
∂zΨ(z)
z
)
− g25v2Ψ(z)
}]
=1 ,
where we use Eqs. (29) and (31), and the boundary conditions ∂zΨ(z0) = 0. We also note
that P24(z) can be understood as the probability density distribution in the bulk coordinate
space, although the expression of Eq. (38) involves derivative of the wave function and differs
from the familiar Ψ2 form. However, the expression Eq. (38) also appears in the calculations
of the pion electromagnetic form factor [27, 28] and the ππρ coupling constant [11]. In fact,
the expression of Eq. (38) depends on the choice of the gauge. Alternative gauge fixing
condition provides a familiar wave function square form [32].
One can apply the similar method to the nucleon case [30], and find PN24 as
PN24(z) =
1
2z3
(
ψ2L(z) + ψ
2
R(z)
)
. (40)
This is apparently interpreted as the density distribution and fulfills the normalization con-
dition [30], ∫ z0
ε
dzPN24(z) = 1 , (41)
with the help of the wave function normalization Eq. (22).
We show in Fig. 3 the hadronic overlap functions zPN24(z) and zP
pi
24(z), as appeared in the
formulae of the Pomeron scattering amplitudes, Eqs. (10) and (13). Both the nucleon and
pion cases show similar z-dependences, whose peak positions are located near the hard-wall
cutoff z0.
In Fig. 3, the overlap functions of the virtual photon P13(z, Q
2) with Q2 = 0.1, 1, and
10GeV2 are also shown to compare with the nucleon and the pion counterparts. It is im-
portant to note that shape of the photon overlap function drastically changes as the photon
virtuality increases.
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FIG. 3. The overlap functions in the integrand of Eqs. (10) and (13). The solid, dashed, and dotted
curves indicate zP13(z,Q
2) with Q2 = 0.1GeV2, 1GeV2 and 10GeV2, respectively. P24(z) for the
nucleon is shown by the dashed-dotted curve, and one for the pion by the dashed double-dotted
curve.
In Sec. II we have shown the Pomeron intercept α0 becomes large (hard value) only if
the distribution of the photon overlap function, P13(z), substantially differs from that of the
target, P24(z
′). Here, using the realistic AdS wave functions, we find such a condition is in
fact realized only at the larger Q2 ∼ 10GeV2 region, where P13 shows a sharp peak at z ∼ 0.
On the other hand, Fig. 3 tells us that the photon overlap function at lower Q2 ≤ 1GeV2
extends over the entire z region. Thus, the resulting Pomeron intercept may become smaller
according to the discussion in Sec. II. In the next section we shall demonstrate how the
Pomeron intercept α0(Q
2) changes as the scale Q2 increases by the numerical calculation.
IV. NUMERICAL RESULTS FOR NUCLEON F p2
We first show the numerical results of F p2 (x,Q
2) at the small-x. To carry out the numerical
calculations, it is necessary to determine the parameters of the model, ρ and g20. The
parameter ρ plays a role to fix the energy dependence of the cross section. We find ρ = 0.845
for the conformal case, ρ = 0.799 for the hard-wall case. The parameter g20 is determined by
the magnitude of the nucleon structure function. We find g20 = 1.23×102 and g20 = 1.25×102
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FIG. 4. F p2 (x,Q
2) as a function of the Bjorken-x for various Q2. In each figure, the solid and
dashed curves represent results with hard-wall and conformal kernels, respectively. HERA data [33]
is depicted by circles.
for the conformal and hard-wall cases, respectively. There exist additional parameters, the
infrared sharp cutoff z0, in the hard-wall model. For the pion and the nucleon, they are
determined to reproduce the pion decay constant and the nucleon mass, zpi0 = 1/(322MeV)
and zN0 = 1/(245MeV), respectively [11, 30]. We also introduce the hard-wall cutoff for the
virtual photon in Eq. (12). This parameter is chosen to be z0 = 6GeV
−1 to reproduce the
DIS data.
We first show in Fig. 4 F p2 (x,Q
2) as a function of x for various Q2. At low Q2, F p2 is
rather insensitive to the variation of x. However, as Q2 increases, F p2 (x) rapidly grows at
the small-x region. Calculated results are in good agreement with the HERA data [33].
If we describe F p2 at the low-x using the Pomeron exchange with the intercept α0, the
structure function behaves as F p2 ∼ x1−α0 . From our results in Fig. 4 it is easy to recog-
nize that the Pomeron intercept increases as Q2 increases, which may be understood as a
transition from ‘soft’ to ‘hard’ Pomerons.
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FIG. 5. The effective Pomeron intercept α0(Q
2) for the nucleon. The solid and dashed curves
represent results with hard-wall and conformal kernels, respectively. HERA data [3] is depicted
with error bars.
To see this fact in detail, we show in Fig. 5 the effective intercept α0(Q
2) extracted from
the calculations of F p2 in Fig. 4. It is evident that the grows of α0(Q
2) with Q2 increasing,
although the magnitude is little bit smaller than the data [3]. For the real photon scattering
at Q2 = 0, the calculation shows α0(Q
2) ∼ 1.1, which is consistent with the ‘soft’ Pomeron
intercept describing the high energy scattering phenomenologically. On the other hand,
α0(Q
2) reaches about 1.3 at Q2 ∼ 100GeV2, which is expected from the perturbative ‘hard’
Pomeron picture.
Our results are quantitatively similar with those of Ref. [18] in which the super local
approximation is adopted. However, the purpose of this work is to clarify whether or not
the BPST Pomeron kernel with the AdS wave functions calculated from the holographic
QCD describe the DIS structure function in both soft and hard Q2 regions. The present
results show our framework based on the holography indeed works well to reproduce the
nucleon structure function and account for the scale dependence of the Pomeron intercept
without any artificial assumptions.
Size of the effects introduced by the hard-wall cutoff for the BPST Pomeron kernel is
seen in Fig. 4 by the solid curve to be compared with the conformal case (dashed curve).
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FIG. 6. F pi2 (x,Q
2) for Q2 = 0.1, 1, 10, 100GeV2 are shown as a function of x. The solid and dashed
curves show the hard-wall and conformal results, respectively.
Whereas the hard-wall results are somewhat smaller than those of the conformal kernel at
lower Q2, the calculation of the hard-wall model exceeds the conformal cases at the higher
Q2 region. This behavior certainly depends on the choice of the parameters, especially ρ.
If we used the same values of ρ and g0 for both the hard-wall and conformal models, the
solid curve would tend to agree with the dashed one at the Q2 →∞ limit. In any case, the
hard-wall model is more sensitive to the variation of Q2, and thus adequate to account for
the soft to hard transition of the Pomeron.
V. RESULTS FOR PION STRUCTURE FUNCTION F pi2
We then apply the same framework to the pion structure function F pi2 . The experimental
information is not enough to understand the small-x behavior of the pion structure function,
because one cannot perform the deep inelastic scattering with the pion target. The valence
quark distribution of the pion is relatively well determined by using the Drell-Yan process [34,
35]. However, recent reanalysis with the resummation technique indicates there still exist
ambiguities of the shape of the valence distribution [36]. Moreover, the sea quark and gluon
distributions are ill determined. In our approach, we predict F pi2 at the small-x without any
adjustable parameter, once the model parameters, ρ, g0, are fixed by the nucleon data.
In Fig. 6 we show the x-dependence of F pi2 (x,Q
2) for various Q2. At Q2 = 0.1GeV2, where
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FIG. 7. F pi2 (x,Q
2) at Q2 = 4GeV2. The solid and dashed curves show the conformal and hard-
wall results, respectively. The SMRS [34] and GRS [35] parameterizations are depicted by the
dash-dotted and dotted curves, respectively.
non-perturbative dynamics dominates, the structure function is almost constant. With the
virtuality Q2 increasing, the x-dependence becomes steeper, which is already seen in the
nucleon case. In Fig. 7 the calculations at Q2 = 4GeV2 are compared with SMRS [34] and
GRS [35] parameterizations of the pion structure function, and shown to be significantly
different from them. However, we could not draw strong conclusion from this comparison,
since the parameterization of F pi2 at the small x contains uncertainties as already mentioned.
The effective Pomeron intercept is also calculated for the pion case, shown in Fig. 8. Both
magnitude and Q2-dependence are similar with the nucleon case, which may indicate the
universality of the Pomeron intercept for various hadrons.
There also exist experimental information on the pion structure function from a forward
neutron production in the semi-inclusive deep inelastic scattering off the nucleon [19] as
illustrated in Fig. 9. This process could be understood as a convolution of the deep inelastic
lepton pion scattering cross section with the momentum distribution of the pion produced
by the πpn interaction in Fig. 10, if there is a large rapidity gap between jets from the pion
and the forward neutron.
The cross section of the semi-inclusive e+ p→ e′+n+X process is assumed to be given
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FIG. 8. The effective Pomeron intercept α0(Q
2) for the pion (dashed curve) is shown with the
nucleon result (solid curve).
by
dσ (ep→ e′nX) = fpi+/p (xL, t) · dσ
(
eπ+ → e′X) , (42)
where fpi+/p is the pion flux from the nucleon, xL the longitudinal momentum fraction
carried by the leading neutron, and t the 4-momentum transfer to the pion. The flux can be
calculated with the standard pion-nucleon interaction in the infinite momentum frame [37];
fpi+/p (xL, t) =
1
2π
g2ppin
4π
(1− xL) −t
(m2pi − t)2
exp
(
−R2pin
m2pi − t
1− xL
)
, (43)
where mpi is the pion mass, the coupling constant g
2
ppin/4π = 13.6, and the exponential form
factor with Rpin = 0.93 GeV
−1 [37]. Integrating fpi+/p over the momentum transfer, we
obtain the pion flux from the nucleon as
Γpi (xL) =
∫ tmin
t0
fpi+/p (xL, t) dt , (44)
where
tmin = − (1− xL)
(
m2n
xL
−m2p
)
, (45)
t0 = −(p
max
T )
2
xL
+ tmin . (46)
We set xL = 0.73 and p
max
T = 0.2GeV from HERA data [19]. Resulting pion flux yields 0.133,
although this value contains non-negligible errors due to uncertainties of the measured xL
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FIG. 9. The forward neutron production with the large rapidity gap by γ∗p scattering.
FIG. 10. The forward neutron production with the pion exchange model.
and pT . There may be additional contributions from the ∆ mediated process, p→ ∆π [38],
which we do not take into account in this work.
Using our calculation for F pi2 , we compare the results with the experimental data in
Fig. 11. Because this analysis depends on the inputs of xL and pT in Eq. (44), absolute
magnitudes of the calculations involve theoretical errors which may be about 30% at most.
Hence, our results are consistent with the experimental data qualitatively.
VI. SUMMARY AND DISCUSSIONS
We have calculated the nucleon and pion structure functions at the small-x and studied
the interplay between the soft and hard Pomerons in terms of the holographic QCD. The
structure function at the small-x is given by a convolution of the BPST Pomeron exchange
kernel χ(s, z, z′) with overlap functions of the virtual photon P13(z, Q
2) and the target hadron
P24(z
′) in the AdS space. We have emphasized the behavior of P13(z) and P24(z
′) in the
AdS space is a key to determine the value of the Pomeron intercept. Only when the peak
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FIG. 11. The forward neutron production in the semi-inclusive DIS. Our calculation and the
experimental data [19] are shown by the solid curves and circles, respectively.
position of P13(z, Q
2) in the z-space is away from the distribution of P24(z
′) in the z′-space,
the resulting Pomeron intercept α0 is enhanced. This tendency is demonstrated by the super
local (delta function) approximation for the overlap functions in Sec. II.
To be realistic, we have calculated the wave functions of the nucleon and the pion, which
are the solutions of the classical action in the AdS space, and evaluated their couplings to the
Pomeron. The Pomeron(graviton)-hadron-hadron coupling can be calculated by perturbing
the metric in the classical action, and are essentially proportional to the square of the
holographic wave functions in the AdS space.
As already known, the photon part zP13(z) has a flat distribution in the AdS z space at
Q2 ∼ 0, while it shows a sharp peak at z = 0 for Q2 ≫ 1GeV2. On the other hand, overlap
functions P24(z
′) of the nucleon and the pion are shown to be concentrated in the larger z′
region, near the hard-wall cutoff z0. Such a behavior of the overlap functions are consistent
with what we require to describe the transition between soft and hard Pomerons.
With these inputs we have calculated the nucleon structure function F p2 (x,Q
2) at the
low-x. The results fairly agree with the experimental data. In particular, Q2 dependence of
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the effective Pomeron intercept α0(Q
2) is consistent with the data, namely, the value of the
Pomeron intercept α0 increases from the soft value 1.1 to the hard one 1.3 as the photon
virtuality Q2 increases from non-perturbative to the perturbative regions.
In general, our results are very similar with Ref. [18] where ad hoc super local (delta
function) approximation is used for the overlap functions. Nevertheless, our work is the first
attempt to calculate the nucleon structure function at the small-x with the holographic QCD
in a systematic way. The present approach enables us to calculate the scattering cross section
of various hadrons without additional free parameters by evaluating their distributions in
the AdS space.
We have newly calculated the pion structure function F pi2 (x,Q
2) in this model. The
resulting pion structure function at the small-x is reduced by about 30% in magnitude
compared with the nucleon case. Unfortunately, we could not compare our calculations with
the data, because the existing parameterizations of the pion structure function may already
include large errors. However, the semi-inclusive DIS with a forward neutron production
provides (model dependent) constraints on the pion structure function, if one assume the
pion exchange model for this process. Our calculations are consistent with the data within
theoretical uncertainties.
Because of the lack of experimental information on F pi2 (x,Q
2), a simple relation between
nucleon and pion structure functions is often used to estimate F pi2 (x,Q
2) as [39, 40],
F pi2 (x,Q
2) ≃ 2
3
F p2
(
2
3
x,Q2
)
. (47)
This relation simply originates from the difference of the number of the valence quarks in
the pion and the nucleon, although it is questionable whether or not this relation can be
applied to the small-x region, at which the gluon dominates.
We show in Fig. 12 the calculated pion F pi2 by the solid curve (LHS of Eq. (47)) and
a result calculated by the scaling relation (47) with the input of the calculated nucleon
F p2 (RHS of (47)). It is interesting to see this relation is satisfied almost perfectly, although
we cannot explain why it holds within our framework.
It is our strong desire to extend the present approach to the hadron-hadron scattering.
In this case, the scattering amplitude of hadrons i and j is given by
A(s, t) = 2is
∫
d2b eiq·b
∫
dzdz′Pi(z)Pj(z
′){1− eiχ(s,b,z,z′)} . (48)
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FIG. 12. Calculated F pi2 (solid curve) from holography and the result with the scaling relation
Eq. (47) (dashed curve).
If i and j are the same hadron, Pi(z) and Pj(z
′) have the same distribution in z and z′ spaces,
respectively. According to our results for DIS, the Pomeron intercept α0 becomes small (soft)
in case the distribution of the incident and target particles are similar. Therefore, we expect
the hadron scattering of the identical particles can be described by the soft Pomeron, which
is consistent with the phenomenologies. Even if we consider the hadron scattering of the
different species, shapes of Pi(z) and Pj(z
′) in the AdS space are not so different. Thus, we
also expect the hadron scattering of different particles to be described by the soft Pomeron
exchange. These studies are now in progress.
Another possible extension of this work is to consider the diffractive photo- and lepto-
production of neutral vector mesons, ρ, φ, J/ψ, Υ [5]. Experimental data of these processes
also clearly show the scale dependence of the Pomeron intercept. In this case, the quark
mass as well as the photon virtuality play roles of the hard scale, In order to apply our
framework, it is necessary to evaluate the photon-Pomeron-vector meson coupling in the
AdS space, which is under considerations.
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